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DIVISION ALGEBRAS OF PRIME DEGREE WITH INFINITE GENUS
SERGEY V. TIKHONOV
Abstract. The genus gen(D) of a finite-dimensional central division algebra D over a
field F is defined as the collection of classes [D′] ∈ Br(F ), where D′ is a central division
F -algebra having the same maximal subfields as D. For any prime p, we construct a
division algebra of degree p with infinite genus. Moreover, we show that there exists a
field K such that there are infinitely many nonisomorphic central division K-algebras of
degree p, and any two such algebras have the same genus.
If two central simple algebras generate the same subgroup of the Brauer group, then
they have the same splitting fields. By using the construction of generic splitting fields,
Amitsur proved that the subgroup generated by an algebra in the Brauer group is deter-
mined by the family of splitting fields of this algebra [1].
However, if one considers only finite-dimensional splitting fields, the situation is not so
trivial. One of the results of [5] is that if only finite number of distinct division algebras
of prime exponent p over a field F (of characteristic not p) can share the same collection
of finite-dimensional splitting fields, then the same is true for the purely transcendental
extension F (x) of transcendence degree 1.
A variation of this problem is concerned only with the consideration of the collection
of maximal subfields of algebras. Recently this has been studied by several authors (see
[2], [3], [4], [6], [7]). The genus gen(D) of a finite-dimensional central division algebra D
over a field F is defined as the collection of classes [D′] ∈ Br(F ), where D′ is a central
division F -algebra having the same maximal subfields as D. This means that D and D′
have the same degree n, and a field extension K/F of degree n admits an F -embedding
K →֒ D if and only if it admits an F -embedding K →֒ D′.
In [4], the authors give an example of a quaternion algebra D over a large center,
constructed by iterative composition of function fields, such that gen(D) does not consist
of a single class. The main result of [4] is that |gen(D)| = 1 for quaternion division
algebras D over a transparent center. The family of transparent fields includes local,
global, real-closed and algebraically closed fields, and is closed under retract rational
extensions.
In [7], it is proved that if |gen(D)| = 1 for any central quaternion division algebra D
over a field F of characteristic not 2, then the same is true for central quaternion division
algebras over the field F (x). The generalization of this result to central division algebras
of exponent 2 is given in [2]. Another result of [2] states that if F is a finitely generated
field, then the genus gen(D) of a central division F -algebra D of exponent prime to the
characteristic of F is finite.
In [3], the authors describe a general approach to proving the finiteness of gen(D)
and estimating its size that involves the unramified Brauer group with respect to an
appropriate set of discrete valuations of F .
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In [6], it is shown that there are quaternion algebras with infinite genus. Besides, it
is proved that there exists a field F over which there are infinitely many nonisomorphic
quaternion algebras with center F , and any two quaternion division algebras with center
F have the same genus.
In this paper, borrowing some ideas from [6] and [8], we generalize the results from
[6] to the case of division algebras of any prime degree. More precisely, for any prime p,
we construct a division algebra of degree p with infinite genus (see Theorem 4 below).
Moreover, we show that there exists a field K such that there are infinitely many non-
isomorphic central division K-algebras of degree p, and any two such algebras have the
same genus (see Theorem 5 below).
Throughout this paper, p is a prime number. Below we use the following notation:
Algp(F ) is the set of isomorphism classes of division algebras of degree p with center F ;
Extp(F ) is the set of field extensions of F of degree p. The p-torsion of the Brauer group
Br(F ) is denoted by pBr(F ). For a field extension K/F and a central simple F -algebra
A, AK denotes the tensor product A ⊗F K and resK/F : Br(F ) −→ Br(K) denotes the
restriction homomorphism. The restriction of resK/F to the subgroup pBr(F ) will also be
denoted by resK/F . For a central simple F -algebra A, A
op denotes the opposite algebra
and Am denotes A⊗F · · · ⊗F A (m times).
We start with the following
Lemma 1. Let F be a field of characteristic not p, A a central simple F -algebra of degree
p, and L/F a field extension of degree p. Then there exists a field extension F(L,A)/F
such that
(1) the homomorphism resF(L,A)/F : pBr(F ) −→ pBr(F(L,A)) is injective;
(2) the composite F(L,A)L splits AF(L,A).
Proof. Let M be the normal closure of L, and let H be a Sylow p-subgroup of the
Galois group Gal(M/F ). Then K := MH , the fixed field of H , is an extension of F
of degree prime to p and M/K is a cyclic extension of degree p. Hence M = KL and
resK(x)/F : pBr(F ) −→ pBr(K(x)) is injective, where K(x) is a purely transcendental
extension of K of transcendence degree 1.
Let σ be a generator of the Galois group Gal(M(x)/K(x)) and
C := AopK(x) ⊗K(x) (M(x)/K(x), σ, x),
where (M(x)/K(x), σ, x) is a cyclic K(x)-algebra of degree p.
Let also F(L,A) be the function field of the Severi-Brauer variety of C. Note that the ker-
nel of the restriction homomorphism resF(L,A)/K(x) : Br(K(x)) −→ Br(F(L,A)) is generated
by [C] (see, e.g., [9, Cor. 13.16]).
Let B be a central simple F -algebra of exponent p. Assume B is split by F(L,A), then
[BK(x)] = [C
i] for some 1 ≤ i ≤ p. If i < p, then the K(x)-algebra Ci ramifies at
the discrete valuation (trivial on K) of K(x) defined by the polynomial x, but BK(x)
is unramified at this valuation, hence [BK(x)] 6= [C
i]. Since the exponent of BK(x) is p,
then [BK(x)] 6= [C
p] = [K(x)]. Thus BK(x) is not split by F(L,A), i.e., the homomorphism
resF(L,A)/F : pBr(F ) −→ pBr(F(L,A)) is injective.
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Since F(L,A) splits C and M = KL, then
[AF(L,A)] = [(M(x)/K(x), σ, x)F(L,A) ] = [(F(L,A)L/F(L,A), σ
′, x)],
where σ′ is the generator of Gal(F(L,A)L/F(L,A)). Thus F(L,A)L splits AF(L,A).

Proposition 2. Let F be a field of characteristic not p, A ⊂ Algp(F ) and S ⊂ Extp(F ).
Then there exists a field extension F(S,A)/F such that
(1) the homomorphism resF(S,A)/F : pBr(F ) −→ pBr(F(S,A)) is injective;
(2) each algebra in the image resF(S,A)/F (A) is split by composites F(S,A)L for all L ∈ S.
Proof. Let P := {(L,D)|L ∈ S and D ∈ A} be the set of pairs. Let also < be a well-
ordering on P and let t0 = (L0,D0) denote its least element. Set Et0 := F(L0,D0), where
the field F(L0,D0) is constructed in Lemma 1. For t = (L,D) ∈ P, set
E<t :=
⋃
t′<t
Et′ and Et := E
<t
(E<tL,DE<t)
,
where the field Et is obtained by applying Lemma 1 to the field E
<t and the field extension
E<tL/E<t and the E<t-algebra DE<t . Define also F(S,A) := (
⋃
t∈P Et).
By Lemma 1 and transfinite induction, the homomorphism resF(S,A)/F : pBr(F ) −→
pBr(F(S,A)) is injective.
Let D ∈ A, L ∈ S and t = (L,D). By Lemma 1, the composite EtL splits DEt , hence
DF(S,A) is split by F(S,A)L. 
Theorem 3. Let F be a field of characteristic not p, A ⊂ Algp(F ). Then there exists a
field extension FA/F such that
(1) the homomorphism resFA/F : pBr(F ) −→ pBr(FA) is injective;
(2) the algebras in the image resFA/F (A) have the same genus.
Proof. Let K0 := F . Recursively define Ki, i ∈ Z>0, to be the field Ki−1(Si−1,resKi−1/F (A))
constructed by applying Proposition 2 to the field Ki−1 and the set resKi−1/F (A) ⊂
Algp(Ki−1) and the set Si−1 of all maximal subfields of algebras from resKi−1/F (A).
Let FA :=
⋃
i≥0Ki. By induction and Proposition 2, resFA/F : pBr(F ) −→ pBr(FA) is
injective.
Assume A,B ∈ A, and L is a maximal subfield of AFA. Then there exists i ≥ 0 such
that L = FAL
′, where L′ is an extension of Ki of degree p splitting AKi. Since AKi ∈
resKi/F (A), then L
′ ∈ Si. By construction of Ki+1, Ki+1L
′ splits BKi+1. Hence L = FAL
′
splits BFA. Analogously, every maximal subfield of BFA splits AFA. Thus the algebras
AFA and BFA have the same family of maximal subfields, i.e., gen(AFA) = gen(BFA).

As a corollary of Theorem 3, we obtain the following
Theorem 4. For any prime p, there exist a field K and a central division K-algebra of
degree p with infinite genus.
Proof. Let F be a field with infinitely many nonisomorphic division algebras of degree
p. Then the field K := FAlgp(F ) has a central division algebra of degree p with infinite
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genus. Indeed, there are infinitely many nonisomorphic algebras in resK/F (Algp(F )) and
all algebras from this set have the same infinite genus.

We have also the following generalization of Theorem 4.
Theorem 5. For any prime p, there exists a field K such that there are infinitely many
nonisomorphic central division K-algebras of degree p, and any two such algebras have
the same genus.
Proof. Let F be a field with infinitely many nonisomorphic division algebras of degree
p. Set K0 := F . Then for i ≥ 0, recursively define Ki+1 := Ki (Extp(Ki),Algp(Ki)). Let
K :=
⋃
i≥0Ki.
As in the proof of Theorem 3, we conclude that the homomorphism resK/F : pBr(F ) −→
pBr(K) is injective. Hence Algp(K) is infinite.
We now prove that any field extension of K of degree p splits all central division K-
algebras of degree p. This implies that all such algebras have the same infinite genus. So
let L/K be a field extension of degree p, and let A be a central division K-algebra of
degree p. Then there exists i ≥ 0 such that A = A′K for some central division Ki-algebra
A′. There exists also j ≥ 0 such that L = KjL
′ for some field extension L′ of Kj of degree
p. Then for n greater than i and j, A′Kn is split by KnL
′. Hence L splits A.

Remark 6. It follows from the construction of the field K in the previous theorem that
all central division K-algebras of degree p are cyclic.
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